EIGENFUNCTION STATISTICS FOR A POINT 
SCATTERER ON A THREE-DIMENSIONAL TORUS 



NADAV YESHA 

Abstract. In this paper we study eigenfunction statistics for a point 
r—{ , scatterer (the Laplacian perturbed by a delta-potential) on a three- 

dimensional flat torus. The eigenfunctions of this operator are the eigen- 
functions of the Laplacian which vanish at the scatterer, together with 
a set of new eigenfunctions (perturbed eigenfunctions). We first show 
that for a point scatterer on the standard torus all of the perturbed 
eigenfunctions are uniformly distributed in configuration space. Then 
we investigate the same problem for a point scatterer on a fiat torus 
with some irrationality conditions, and show uniform distribution in 
configuration space for almost all of the perturbed eigenfunctions. 



1. Introduction 

One of the key results in the field of Quantum Chaos is Schnirelman's 
quantum ergodicity theorem I2| [IB], which asserts that quantum systems 
whose classical counterpart have chaotic dynamics are quantum ergodic, in 
the sense that for almost all eigenstates the expectation values of observ- 
ables converge to the phase space average, i.e. almost all eigenstates are 
equidistributed in phase space. An important case is when all expectation 
values converge to the phase space average - such behavior is called quantum 
unique ergodicity 

The opposite of chaotic systems in classical mechanics are systems with 
integrable dynamics, whose behavior is predictable over a long period of 
time. In this paper we study eigenfunction statistics for a point scatterer on 
a three-dimensional flat torus, which is an intermediate system - its classical 
dynamics is close to integrable, yet the quantum system is substantially in- 
fluenced by the scatterer, and therefore shares some of the behavior of classi- 
cally chaotic quantum systems. We study quantum ergodicity and quantum 
unique ergodicity in configuration space (rather than in full phase space), 
a notion which is of growing interest in recent research, for example in the 
field of control theory (cf. [8]). 

A point scatterer is formally described by a quantum Hamiltonian 

(1.1) -A + aS X0 

where 5 X0 is the Dirac mass at xq and a is a coupling parameter. Math- 
ematically it is realized as a self-adjoint extension of the Laplacian —A 
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acting on functions vanishing near xq (see Section § [2]). Such extensions 
are parametrized by a phase eft £ (— 7r,7r], where <j> = n corresponds to the 
standard Laplacian (a = in (II, ip ). For ^ tt, the eigenfunctions of 
the corresponding operator consist of eigenfunctions of the Laplacian which 
vanish at the scatterer, and new eigenfunctions (perturbed eigenfunctions). 

In two dimensions, Rudnick and Uberschar )10| proved quantum ergodic- 
ity in configuration space regarding the perturbed eigenfunctions of a point 
scatterer on the flat torus T 2 = M 2 /2irC where £ = Z (l/o, 0) © Z (a, 0) is 
(any) unimodular lattice, i.e. they proved that almost all of the perturbed 
eigenfunctions are uniformly distributed in configuration space. Our goal is 
to prove a similar result for a point scatterer on the three-dimensional torus, 
showing uniform distribution in configuration space for almost all (and hope- 
fully all) of the perturbed eigenfunctions. 

However, the three-dimensional problem provides some essential differ- 
ences from the two-dimensional case - for example Weyl's law for the three- 
dimensional torus, establishing the asymptotics of the counting function 
N (x) of eigenvalues of the Laplacian below x, reads as N (x) ~ Cx 3 / 2 for 
some constant C, while in two dimensions we have N (x) ~ Cx, so we 
deduce completely different bounds for the density of the perturbed eigen- 
values in each case. Moreover, there are major differences in the behavior 
of the eigenvalues of the Laplacian on different three-dimensional tori (and 
therefore in the behavior of the perturbed eigenfunctions), so instead of a 
general theorem, we will investigate two main cases: the case of the standard 
three-dimensional flat torus, and the case of an irrational torus where the 
multiplicities of the corresponding eigenvalues of the Laplacian are bounded. 

In the case of the standard torus, we can show a stronger result: we show 
that for a point scatterer on the standard torus T 3 = R 3 /27rZ 3 , all of the 
perturbed eigenfunctions are uniformly distributed in configuration space. 
More precisely, for every <j) 6 (— it, tt), we will have a set of perturbed eigen- 
values A^,, with the corresponding L 2 -normalized eigenfunctions g\ (A 6 A^,). 
We prove the following theorem: 



as A — > oo along A^. 

Then we show a similar result for a point scatterer on an irrational torus, 
but with convergence only along a density one set in the set of the perturbed 
eigenvalues: consider the family of flat tori T 3 = M 3 /27t£o) where 



Consequently, Theorem 1 1 . 1 I still holds for all observables which are Riemann integrable 
on T 3 . The same is true for Theorem 11.31 



Theorem 





C = Z (a, 0, 0) Z (0, b, 0) © Z (0, 0, c 
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is a lattice such that 1/a 2 , l/b 2 , 1/c 2 E R are independent over Q. We also 
demand that at least one of the ratios b 2 /a 2 , c 2 /a 2 , c 2 /b 2 will be an irrational 
of finite type, as in the following definition: 

Definition 1.2. An irrational a is said to be of finite type r E R , if t is 
the supremum of all 7 for which lim g „^q 7 \ \qa\\ = 0, where q runs through 
the positive integers. Here 

\\t\\ = min \t — n\ = min ({t} , {— t}) 

denotes the distance from t to the nearest integer. 

In particular, if a is an irrational of finite type r, then for every e > 0, 
there exists a positive constant c = c(a,e) such that ||^a|| > holds for 
all positive integers q. Also note that by Dirichlet's Theorem we must have 
r > 1, and every algebraic irrational is of type 1 due to the theorem of Roth 
0. 

As in the case of the standard torus, for every (j) E (— tt, it), we will have 
a set of perturbed eigenvalues A^, with the corresponding L 2 -normalized 
eigenfunctions g x , and we prove: 

Theorem 1.3. Fix <f> E (— 7r,7r) . There is a subset A^ i00 C A^ of density 
one so that for all observables a G C°° (T 3 ) , 

/ a{x) \g x (x)\ 2 dx -> a(x)dx 

Jjs area (T^) J T 3 

as A —7- 00 along A^ i00 . 

Acknowledgments: This work is part of the author's M.Sc. thesis written 
under the supervision of Zeev Rudnick at Tel Aviv University. Partially 
supported by the Israel Science Foundation (grant No. 1083/10). 

2. Background 

2.1. Point Scatterers on the Flat Torus. Let T 3 = M 3 /27r£ be a flat 
three-dimensional torus, where 

C = Z (a, 0, 0) Z (0, b, 0) Z (0, 0, c) 

is a lattice. 

We want to study the Schrodinger operator with a delta-potential on the 
flat three-dimensional torus T 3 , formally given by 

(2.1) -A + a5 X0 

where A is the associated Laplacian on T 3 , 5 X0 is the Dirac delta-function 
at the point xo, and a E R is a coupling parameter. 

We now give a rigorous mathematical description for the operator (12. ip 
following [UED]: 

Consider the domain of C°°-functions which vanish in a neighborhood of 
x : 

D = C °° (T 3 \ {x }) 
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and denote — A xo = —A.\jj , which is an operator in the Hilbert space 
L 2 (IT 3 ). One finds that the adjoint of — A Xo has as its domain Dom (— A* ) 
the Sobolev space H 2 (T 3 \ {xo}), which equals the space of / G L 2 (T 3 ) for 
which there is some A G C such that 

-Af + AS X0 G L 2 (T 3 ) . 

For such /, there is some BeCso that 

f(x) = A-—^- - + B + o(l), x^x 

Air \ x — xq\ 

One finds that the self-adjoint extensions of — A xo are parametrized by a 
phase 4> £ ( — tt, ""]; denoting the corresponding operators by — A^ )X0 , their 
domain is given by / G Dom ( — A* ) for which there is some a G C so that 

( § ~ i 4>\ 

f (x) = a cos - ■ — 1 + sin - + o (1) , x x 

\ 2 4tt \x — xq\ 2 / 



The action of — A^ Xo on / G Dom (— A^ )Xo ) is then given by 

2' 



(2.2) - A^J = -Af + A6 X0 = -A/ + acos£<S X0 . 



Note that for (p = ir we have 

Dom (-A ffiX0 ) = H 2 (T 3 ) = {/ G L 2 (T 3 ) : -Af G L 2 (T 3 ) } 

and 

-A ff)X0 / = -A/ 

so this extension retrieves the standard Laplacian — Aoo on the domain 
H 2 (T 3 ) (which is the unique self-adjoint extension of — A^oo^s))- 

The operator -A m has a discrete spectrum; an orthonormal basis of eigen- 
functions for — A^ consists of the functions 

1 

where 

eg = exp (i£ • (x — xo)) 
and £ ranges over the dual lattice 

C = {£ G R 3 : f-Z G Z V/G£ } = zQ,0,o)eZ ^0, ^,0^ ©Z ^0,0, ^ 

The corresponding eigenvalues are the norms |£| 2 of the vectors of the dual 
lattice C; denote by J\f the set of these norms. In the case of the standard 
torus Cq = Z 3 (and then C = Z 3 ) we have J\f = A/3, where A/3 is the 
set of integers which are sums of three squares, and each eigenvalue is of 
multiplicity r% (n) which is the number of representations of n = a 2 + b 2 + c 2 
with a, b, c G Z integers. 
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For the perturbed operator (12, 2ft with ^ ir we still have the nonzero 
eigenvalues from the unperturbed problem (0 ^ A £ cr (—Aqo)), with multi- 
plicity decreased by one, as well as a new set A = of eigenvalues, each 
appearing with multiplicity one, which are the solutions to the equation 

(2.3) ^-1= co tan | 

where 

with the corresponding eigenfunctions being multiples of the Green's function 

G\ (x, x ) = (A + A) -1 5 X0 

which is an element of Dom (—A*) for every A ^ & (— Aqo)) an d nas the 
L 2 -expansion 

1 Y^ ex P(^' { x ~ x o)) 
g>(X ' X0> = '^g Itf-A 

(12,31) can be written as 



where 



., = c tan - 

n — A n z + 1 \ 2 



r c (n) = #{te£: |£| 2 = n) 
is the multiplicity of the norm re. The function 

F{X)=Y j rc{n){^--^—\ 
*—f. I n — A n z + 1 \ 

is meromorphic with simple poles in n £ M, and is strictly increasing 
between the poles, so if we label 

TV" = {0 = n < m < n 2 < . . . } 

then the new eigenvalues interlace between the elements of M, and we may 
denote the perturbed eigenvalues by X k = \t so that 

A < n < Ai < 7ii < A 2 < • • • < n k < X k+1 < n k+1 < ... 

We say that a subset A' = {A Jfe } C A is of density a (0 < a < 1) in A if 



or equivalently 



lim N: j k < J} = a 

J— >oo J 



#{A g A' : A < X} _ 
x™oo #{AG A: \ <X} °" 
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Denote by 

G x {x,x ) 

the L 2 -normalized Green's function. 

2.2. Arithmetic Background. In this section we recall some basic arith- 
metic facts, that we will need to use in the proof of Theorem 11.11 for the 
standard torus. 

By the famous theorem due to Legendre and Gauss (see |4] for example), 
the Diophantine equation 

(2.4) x\ + xl + xl = n 

has solutions in integers Xi (i = 1,2,3) if and only if n is not of the form 
4 a (8A; + 7) with a G Z, a > and k G Z. Denote by r% (n) the number of 
solutions to (|2.4jl . then for all n, r 3 (4 a n) = r% (n) . 

Equivalently, if we write n = 4 a ni, with 4 { n\, then n is a sum of three 
squares if and only if n\ 7 (8), that is to say 

M 3 = {n G N : n = 4 a ni, 4 \ m =>- m ■£ 7 (8)} , 

and r% (n) = r 3 {ri\). 

The fact that for all n: r% (4 a ra) = r% (n), follows from a simple lemma, 
that will be in use for us later: 

Lemma 2.1. For every £ G Z 3 and a > 0, 

4 a | |£| 2 ^£ = 2 a £i (6GZ 3 ). 

Proof. If f = 2 a ^i and £i € Z 3 , then |£| 2 = 4 a |£i| 2 , so 4 a | |£| 2 . 

The other direction is proved by induction on a: the case a = is clear. 
Assume that the argument is true for a, and that 4 a+1 | |£| 2 . Denoting by 
£ = (x,y,z) we get in particular that x 2 + y 2 + z 2 = (4). Since clearly 
x 2 ,y 2 ,z 2 = 0,1 (4), it follows that necessarily x 2 ,y 2 ,z 2 = (4), so x,y 
and z are all even. If we write x = 2x\, y = 2y±, z = 2z±, and define 
£o = (x 1 ,y 1 ,z 1 ) G Z 3 , we get that 4 Q+1 | |£| 2 = |2£ | 2 = 4|£ | 2 , so 4 a | |£ | 2 . 
From the induction hypothesis £o = 2 a £i (£i G Z 3 ), and we get that £ = 
2£o = 2 a+1 £i. ' □ 

Denote by R 3 (n) the number of primitive solutions to (|2.4p . i.e. the 
number of solutions such that (x\, X2, x%) = 1, then we have 

(2-5) **(n) = X>(£). 

d 2 \n 

We will need some asymptotic bounds for r% (n). For an upper bound, assume 
that n is a sum of three squares, and as before, write n = A a n\ with 4 { rti, 
so rii ^ 0, 4, 7 (8). We will use the following theorem of Gauss (see [3]): 

(2.6) R 3 (n) = ir- 1 G n V^L(l, X ) 
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with 



n ee 0,4, 7 (8) 
16 n = 3 (8) 
24 n = 1,2,5,6 (8) 

oo . . 

where L(l,x) = ^2 m ' an< ^ X.( m ) = (^p) (the Kronecker symbol, so x 



m=l 



is a quadratic character modulo 4n). 

From (|2,6p we have R^(ni) X y / n7L(l,x) (here % (m) = ( 1 ))■ To 
bound L (l,x) from above, write 



oo / \ 4ni , % oo 

m^E^-E^+E 



X(m) 



m=l 



m=l 



4n,+l 



in 



Clearly 



An 

E 



m=l 



m 



< 



4ni ^ 

V — « log 
L — ' m 



m=l 



and for the second sum, summation by parts yields 

sit) 



EX ( m ) 



Iff 1 + 1 



■1(11 



t 2 



df 



where s (t) = X (k). But \s(t)\ < 4ni, so 



E 

4ni+l 



X(m) 



< 4ni 



4m ^ 2 



and we conclude that |L(l,x)| "C logni, so i? 3 (m) <C y^njlogni. Note 
that if d 2 | m, then ^ =£ 0,4,7(8), so 

i?3 (l) << Vd log (f)- vWlogni 

and using fj2 . 5 [) we get that 



^3 (n) = r 3 (m) = ^ i? 3 (^j) < nJ /2 logni ^ 1 < 



1/2- 



,d 2 . 

d 2 |ni d 2 |ni 



< n\ /2 logm ^ 1 « £ n{ /2+£ < n 1 ' 2 ^. 

d\ni 

We cannot have a lower bound for r 3 (n) for every n, so assume now that 

0,4,7 (8). 

Again, from (|2.6p we have 

r 3 (n)>R 3 (n)xVSl(l,x) 
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and by Siegel's theorem [12J: L(l,x) 3>e n~ £ , so 



1/2-E 



3. The Standard Torus 

3.1. Bounds for the Green's Function and Truncation. We begin with 
the proof of Theorem O so here T 3 = M 3 /2vrZ 3 , C = Z 3 , and TV = /V 3 . 
We first want to give a lower bound for the L 2 -norm of the Green's function 

Lemma 3.1. For every A £ A, we have 

HGa||^»a 1 /2-. 

Proof. Note that 

1 



IIGaII^E 



E 



r 3 (n) 



2 ' 



Take no > A, no = 1 (8), no — A < 10, then 

V r 3 (n) r 3 (n ) . 1/2-* »i/ 2 - 

E 7 ^2 ^ 7 TT2 » r 3 (no) > < > A 

^ (n - A) (n - A) 



□ 



We will now use a truncation procedure. 
For L > 0, denote by 



1 

8^ 



E 



ief-A<£ 



exp (zg- (x-xp)) 
ie| 2 -A 



the truncated Green's function, and let g\ L be the L 2 -normalized truncated 
Green's function: 

9x,l — 177^ — rr- 
II^a,l|| 2 

We have the following approximation: 
Lemma 3.2. Let L = X s , < S < 1/4. Then \\g\ - g\ t L\\ 2 
Proof. Clearly 

(3.1) ||5a -gxMh = ——■ — ■■ - — < 

l \G\ — G\ t L\\ 2 



as A —7- oo. 



< 



\\Gx\\i 



\G\. 



L\\ 2 



\G\\\ 2 
1 



\G\,l\\ 2 
1 



I|Ga|| 2 \\g x . 



L\\ 2 



< 2 



\G\ — Ga,l| 
\\Gx\\ 2 
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wry n I|2 \ - r 3 (n) x - n 1/2+£ 

/■ xV 2 + £ dx 1/2+£ /■ yV^dy A _ 5+1/2+£ 

7|,-A|>IA^ {x _ A) 2 7|y-l|>^-^ (y _ 1)2 

x>0 j/>0 

Using Lemma 13.11 we conclude that 

(3 2) \\Gx~G x , L \\l X-^l^ _ 8+2£ 

which tends to zero (for e > small enough) since 5 > 0. □ 

We conclude that the L 2 -norm of the truncated Green's function Ga,l is 
asymptotically equivalent to the L 2 -norm of the non-truncated function Gy. 

Lemma 3.3. Let L = X s , < 5 < 1/4. Then 

I|Ga,lII 2 = I|GaI| 2 (i + o(i)). 

Proof. This follows from (13. 2\ . since 



|G\l|L — 1 1 Ca 1 12 ^ II^a - G\l\L 

< ' — - ->■ 



I|Ga|| 2 - ||GaI| 2 

as A — ^ 00. □ 

We turn to prove the next approximation: 
Lemma 3.4. Let L = X s , < 5 < 1/4. For every f £ C°° (T 3 ), we have 

\(fg\,g\) - (fg\,L,g\,L)\ -> o 

as X —7- oo 7 so 

(fg\,L,g\,L) -> =>• (fg\,g\) -)■ 

as A — > oo. 

Proo/. Let / 6 C°° (T 3 ) . We have 

\(fg\,g\) - (fg\,L,g\,L)\ < \(fg\,g\ - 9x,l}\ + 1(/ (#a - 5a,l) ,pa,l)I • 

The Cauchy-Schwarz inequality implies that 

\{fg\,g\ - 9\,l)\ < \\fg\\\ 2 \\g\ - 9\,l\\ 2 < ll/IL HfA - 9\,l\\ 2 

From the same reason 

l(/ (g\ - 9\,l),9\,l)\ < \\f{g\ - 9x,l)\\ 2 < H/lloo \\g\ - 9\,l\\ 2 > 

but by Lemma [3.21 we know that 

\\g\ - 9\,l\\ 2 -> o 

so 

\(fg\,g\) - (fg\,L,g\,L)\ ->• o 
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as A — > oo. It follows that if we have (fgxLi 9a, l) — > 0, then 

\(fg\,g\)\ < \{fg\,L,g\,L} \ + \ (fg\,g\) - (fg\,L,g\,L)\ -> o. 

so 

(fg\,g\) ->• o 

as A — > oo. □ 

3.2. Powers of 4. We want to divide the elements of A3 into two kinds: 
those which are divisible by a high power of 4, and those which are not. 

Fix ^ C G and write |£| 2 = n c = 4 a Cnf , with 4 \ n{. 

We make the following definition: 

Definition 3.5. Define 

A/q = {n G A/3 : n = 4 a m, 4f ni => a > a^} , 
the set of elements which are divisible by a high power of 4, and define 

Ml = {n G A3 : n = 4 a m, 4 f m => a < a c } , 
the complement set in A/3. 

The following observation will be useful: 
Lemma 3.6. For every £ G Z 3 , if2(£,() = \C\ 2 , then |£| 2 G A/£. 

Proo/. Let £ G Z 3 such that 2(f,0 = |C| 2 , and write |£| 2 = n = A a n u 
with 4 \ m. By Lemma [2J3 £ = 2 a £i, with |£i| 2 = m, and C = 2 a «Ci, with 
|Cl| = n i- Therefore we get that 

2 a+a c+ l (6)Cl) = | C |2 =4 a fn C 

SO 



2a _ ac + 1 (6)Ci 



n 



and since 4 { n^, we get that a — + 1 < 1, so a < a^, and |£| 2 G A/"f . □ 
Corollary 3.7. For every £ G Z 3; i/ |£| 2 G A" C 7 tfien 2 (£, C) - |C| 2 > 1. 

Proo/. Let £ G Z 3 such that |£| 2 G ATq. From Lemma 13.61 we have 2 (£, — 
|C| 2 7^ 0, and since 2 (£, — |£| 2 is an integer, we get that 2 (£, — 



' 

■1 ^ 

1. □ 



For every A G A, define n\ to be the element of A3 which is closest to A 
(if there are two elements with the same distance from A, take the smallest 
of them). We conclude this section with the following lemma: 



Lemma 3.8. Assume that n\ G Aq . Then for every £ G Z 3 : 



W-A <i =► ^ - CI 2 - A 



1 

>2" 
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Proof. Let and assume that 



l£| 2 -A 



< 



2' 



It clearly follows that |£| 2 = n\ G A/q. By Corollary 13. 71 we get that: 



ie-cr-A = ici 2 -A-2(e,o + icr 



> 



> 



2 <e, c> - ici 2 - ici 2 -a 



i 

> 2- 



□ 



3.3. Proof of Theorem 11.11 We are now in condition to prove Theorem 
11.11 We will need an estimate for the number of integral points inside some 
strips on three-dimensional spheres: 

Lemma. Let L = X s , < 5 < 1/4. For every / £ G Z 3 , Ci, C2 and n such 
that \n— A| < CiL, u/e Ziawe 

#{77 G Z 3 : It?! 2 = n, \(r,,()\ < C 2 l] « ClAlf , 6 Ln e . 



This is Lemma [A. II in the Appendix, see there for a proof. 
The following main proposition will easily imply Theorem 11.11 

Proposition 3.9. For every 7^ Q G Z 3 , we /mue 

(e<;g\,g\) -> 

as A 00. 

Proof. Let L = X s , < 5 < 1/4. By Lemma l3.4[ it suffices to show that 

{ec9\,L, 9\,l) -> 

as A —7- 00. Note that 

(ec G \L, G\,l) x 7 w — 

\\^ %l (1^ - ci 2 - a) (iei 2 - a 

and therefore 

l(e<GA,L,G A ,i}|« Y, 



E 1 



||ff-A|<L 
1 ^2 



ie — cr — a 



— ci 2 — a iei 2 — a 



l^ 2 -A 
1 



i€ — ci 2 — a iei 2 — a 



where in ^ the summation is over £ G Z 3 such that: 

\H\ 2 -X\<L,\(t()\>L, 

and in ^ 2 the summation is over £ G Z 3 such that: 

|£| 2 -A <L, |<£,0| <L. 
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Note that 



ie — CI 2 — A = |£| 2 -A-2(£,0 + |C| 2 

> 2I&0I- iei 2 -A -ici 2 



> 



so if 



ICI 2 -A <L, 1(^,01 > L, then 



and hence 



E 



|^-C| 2 -A >2L-L-|C| 2 »L, 



1 ^i 



— ci 2 — a hei 2 — a 



<-k E 



L 
1 



^l 2 - A 



< 



|£f-A <L 



d 2 -A 



Cauchy-Schwarz gives 



E 

||?| 2 -A|<L 



< \\G\,l\ 




«||G A , L || 2 L 1 /2 A 1 /4+ e /2 



and therefore 



E 1 



le — ci 2 — a iei 2 -A 



|G A)i || 2 AV^/2 



L 1 / 2 



||G A|L || 2 A- 5 / 2+1 /4 +£ /2 x || Ga || 2A - 



-<5/2+l/4+e/2 



For the estimation of YJ 2 , remember that we defined n A to be the element 
of A/3 which is closest to A (and if there are two elements with the same 
distance from A, we take n A to be the smallest of them). We distinguish 
between two cases: whether n\ G A/"q or n\ G M^. 

First, assume that n\ G A/q. By Lemma [3.8[ for every 



If I - A 



< 



k-C| 2 -A 



> 
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Hence we can write 

^2 1 



£ 

+£ 



if-cr-A i«i 2 -a| 
lie -ci 2 -a |{| 2 -a! 



+E 



l€ — CI 2 — A |e| 2 — A 



he — CI 2 — A |^| 2 — A 



where in YJ 3 the summation is over £ £ Z 3 such that: 



< 



I£I 2 -a <l, i(e,oi <l, le-cr-A 



> 



in the summation is over £ 6 Z 3 such that: 

iei 2 -A|<^ i(e,oi<L, ||£-ci 2 -a > 

and in YJ 5 the summation is over £ £ Z 3 such that: 

|£| 2 -a| <l, |(£,C)l<i, ]l£-CI 2 -A 

Using Lemma IA.1I we have 



1 

- < 
2 ~ 



1 



£ 2 



1 



k-C| 2 -A |£| 2 -A 
Ld si 

£ 



<J^ 3 1« E Ln E <^L 2 \ e = X 



28+e 



\n-\\<L 

For the second sum, we get by Cauchy-Schwarz and Lemma IA.1I 
r4 1 



|£-C| 2 -A |£| 2 -A 

/ \ 1/2 

2? FT" 



< > I r < 



E x ) «hga,l|| 2 (E i) « 



« ||GA,L|| 2 (M) 1/a « IIGa.lII^^a^ = ||G Aii || 2 A 5 / 2+£ / 2 

For the third sum we note that for |£| 2 — A < L, Q| < L (for every 
large enough L) we have: 

ie — ci 2 — a = |£| 2 -A-2(e,o + ici 2 ■ 



< 



lei 2 — A +2|(e,C)| + |C| 2 <3L + |C| 2 <4L 



and 



so 



i<e-c,oi= (t,o-\c\ 2 \<mo\ + \c\ 2 <2L, 

1 ^6 1 



£ 



< 



E 



A 
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where in ^ 6 the summation is over rj £ Z 3 such that 



77| 2 -A <4L, 1(77,01 < 2^. 



We get that 



XT 



he — ci 2 — A |^| 2 — A 



«E 



Me — ci -a 



1 



| If -CI -A 
1 



1/2 



1/2 



V |ie-ci z -A 

1/2 



E 1 « 



E 1 « 



^5 \l/2 /„5 \l/2 

E 1 «iiga|| 2 E 1 



but since |(f, C}| < L implies that |(f — C>C)I < 2L, and since |£ — C| ~~ A 
1/2 implies that |£ — £| 2 = n A , Lemma [A.ll yields 

K E K ^ < LA 6 = A 5+£ , 

M 2 =wa 
lfeC>l<2L 



SO 



E E 



he — ci 2 — a iei 2 — a 



«||G A || 2 A 5 / 2+£ / 2 



We conclude that 



E 2 



«A 2 ^ + ||G Aii || 2 A 5 / 2+£ / 2 + 
+ 1 1 G x 1 1 2 A 5 / 2+£ / 2 x A 2(5+£ + 2 1 1 G A 1 1 2 A 5 / 2+£ / 2 . 



he — ei 2 — a iei 2 — a 



Now, assume that n\ € ■ Cauchy-Schwarz yields 
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E 2 



he — ci 2 — a iei 2 — a 




\\Gx,i 



^7 1 ^8 1 



V 



where in 2J the summation is over 77 £ Z such that: 

M 2 -A| <4L, |(77,OI < 2X, HV«A, 

and in 2^ the summation is over 7] € Z such that: 

M 2 -A| <4L, |(t/, C)| <2L, |r/| 2 = n A . 

For |r/| 2 / ti a , we clearly have |t/| 2 — A > i, so using Lemma fA.H we g 



A 



7 

< K ^ Ln e < A 



25+ £ 



|n-A|<4L 



For the last sum, we use Lemma IA.1I again to get 



LX E 



LA £ 



\\Gx\\l 



0*A-A) „ (n A -A) 



(n A -A) 2 



IIGaIIS \\Gx\\i y J2 



r'3(") 



n=0 



Vno we have ^ 7 — r~r 

n=0 



^3(") > ^3(^0) 



(n-xy - (no -A) 
LA 



SO 



(nx-A)^ 



< 



LA e 



r 3 (n) r 3 (n A ) 

^ (n-A) 2 
n=0 v ' 
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If we write n\ = 4 a ni, with 4 { n\, then since n\ 6 J\f± we know that 
re A < 4 a fni, so 

LX £ LX £ LX £ LX £ LX £ 



n 



1/2-e 



l/2-e ^ AV2-£ 



and therefore 



£^-1/2+2e _ ^<5-l/2+2e 



«||Ga||^A 5 - 1 / 2+2£ , 



- A 



so now we conclude that 
^2 1 



he - CI 2 — A |C| 2 - A 



« HGA.il l 2 (A 25+e + ||Ga|| 2 A 5 " 1 / 2 ^) 172 < 



^IIG^IUa^ + HGaI^A 5 / 2 - 1 / 4 ^ 



^\\G X \\ 2 (X^ + \\G X \\ 2 X^~^). 
Either way we got that 



k - ci 2 - a iei 2 -A 



< A 25+e + 2||G A || A <5/2+£/2 + 



+ ||G a || 2 A' 5+£ / 2 + ||Ga|| 2 A 5 / 2 - 1 / 4+£ 



Alb 



so we have 



,/ n n \, KecgVoffAj)! ^ |(e<flA,L,gA,i,)| 
Ke^trA,i, CrA,i/| = — — — < .. _ — < 



IIGa 



IG 



A|| 2 



A 25+ £ X -5/2+l/A + e/2 + 2) 5/2+e/2 +X 5+e/2 
< ~~ o + rr~^ ri h X A/2 i/4+e < 



IIGaII 2 



I|Ga|| : 



|2 II — 1 1 2 

^25+e ^-5/2+l/4+ £ /2 , 2 ^5/2+£/2 , ^<5+e/2 

< TT^ h 



+ 



A 5/2-l/4+ £ 



AV2-S A l/4-e/2 

_ A 25-l/2+2e _|_ x -8/2+s j_ 2^5/2-1/4+e j_ ^8-1/4+e 

and since < 5 < 1/4, the proposition follows. 

Theorem 11.11 now easily follows by the density of trigonometric polynomi- 
als in G°° (T 3 ) in the uniform norm: 



□ 



Theorem. For every a £ G°° (T 3 ), we have 

2 1 

a 0) 5a {x)\ dx -> — tt 

T 3 area (ll' 3 ) 

as X —7- oo along A. 



T 3 



a (x) <ix 
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Proof. Let P (x) = PC e C ( x ) ^ e a trigonometric polynomial. From Propo- 

\C\<J 

sition [3T9] we have 



0,0) 



K\<J 



area (T 3 ) J ■. ^ 



x ) dx 



as A — ^ 00. 

Let e > 0. For every a 6 C°° (T 3 ) , there exists a trigonometric polynomial 
P such that ||a — P|| < e. Thus for every large enough A € A 



{agx,gx) 



area (T 3 ) 



T 3 



a (x) dx 



+ 



+ 
1 



(Pg\,g\) 



1 

area (T 3 ) 

1 



< |(o5a,5a) - {Pg\,9\)\ + 
P (x) dx 



+ 



f^r3\ I p ( x ) dx T^sT / a{x)dx 

area ( 11 d J Jj3 area ( 11 ^ J Jj3 

< 2||a-P|| 00 + e < 3e 



< 



□ 



4. The Irrational Torus 

4.1. Basic Setup. Let T 3 = M 3 /2ttCq be a flat three-dimensional torus, 
where 

£ = Z (a, 0, 0) © Z (0, 6, 0) © Z (0, 0, c) 

is a lattice, such that 1/a 2 , 1/6 2 , 1/c 2 £ R are independent over Q. We also 
demand that at least one of the ratios b 2 /a 2 , c 2 /a 2 , c 2 /b 2 will be an irrational 
of finite type r, as in Definition 11.21 (without loss of generality assume it to 
be c 2 /a 2 ). 

The norm of a lattice vector £ = (£i/a, £2/^ £3/0) £ £ is 

£i 2 /a 2 + £ 2 7& 2 + £!/ C 2 
so if rj = (ryi/a, 772/6, %/c) is another vector of C of the same norm, we have 
(e 2 - r/ 2 ) /a 2 + (e 2 - V 2 ) lb 2 + (Cl - % 2 ) /c 2 = 

and since 1/a 2 ,1/b 2 ,1/c 2 are independent over the rationals we get that 
rji = ±£j for 1 < i < 3. 

We conclude that for n £ J\f we have r£ (n) = 1, 2, 4 or 8. 

Weyl's law for the torus, establishing the asymptotics of the counting 
function N (x) of eigenvalues below x, is equivalent to counting the number 
of points of the standard lattice Z 3 in an ellipsoid: 

N (x) = #{(6,6,6) G : ilia 2 + £ 2 /6 2 + £ 2 /c 2 < x] = 

= -irabcx 3/2 + O (x e 
3 V 
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The trivial bound on the remainder term is 9 = 1. We will need a bound 
9 < 1, such as the bound due to Hlawka [5j using Poisson summation which 
translates to 9 = 3/4. 

Note that since the multiplicities rc (n) are bounded, we have 

# {A G A : A < 1} x JV (X) x X 3/2 . 

We will need to analyze the spacing between the elements of A. We first 
notice that for most of the elements, the nearest neighbor cannot be too far: 
For e > 0, define 

Ai = Af = {A g A : A > 1, (A, A + X-Vz+A n A / 0} 
We claim that this is a density one set in A. To show this, define 
B 1 = A\Ai = {A G A : A < 1}u{a g A : A > 1, (\ A + A^ 1/2+e ) n A = j 
We want to show that B\ is a density zero set in A, that is, 

# {A G Bi : A < X} = o (# {A G A : A < X}) = o (x 3 / 2 ) . 
We have £ A : A < 1} = O (1), so we only need to check that 
#{AG B x : A < X j < X 3/2 ~ e 

where 

Bi = {A G A : A > 1, (A, A + A~ 1/2+e ) n A = 0} . 
Indeed, the intervals (A, A + A -1 / 2+e ) , A G B\ are disjoint, and therefore 

/ \ 

#{AgBi: A < X} -X- l / 2+£ < 



meas 



< 



so 



U (a^ + a-v^ 

\\<x / 
<meas((l,X + l)) =X 

#{AG Bi : A < x} < X 3 / 2 - £ . 

4.2. Lattice Points in Thin Spherical Shells. For < L < 1, define 
A (X,L) to be the set of lattice points in the spherical shell A — L < \x\ 2 < 
A + L: 

A (A, L) = |^g£: A-L< |e| 2 < A + L} 

Define 

A(X,L) = (A — L, A + L) n A 

We want to show that for L = A~ 5 , < 5 < min{(l -6)/2- e, 1/r - e} 
(for e > small enough there is such S, since 9 < 1), we have a density one 
set in A such that #i (A, 3L) < LA 1 / 2+2e for every element of this set. In 
order to show this, we need the following lemma: 
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Lemma 4.1. Let L = \~ 5 , < 5 < min{(l -0) /2- e, 1/r - e}. We have 



#i(A,3L)«X 



2-8+e 



AgAi 
X<X<2X 



Proof. For every \ £ A\, X < X < 2X, choose £ G £ such that |£| is the 
smallest element in J\f greater than A. Since A G Ai and 5 < (1 — 9) /2 — e < 
1/2 — e we know that <!; G A (A, AT~ 5 ), and we conclude that 



#A ( A, 3X' S ) « #A ( A, 3X-" ) < #A ( |£| z , 4X 



-<5 



—a 



£ 

||r ? | 2 -|C| 2 |<4A'- 



SO 



(4.1) ^ #A(A,3L)< £ #i(A,3X- 5 )« 1 ^ 



AeAi 

X<A<2X 



AeAi 

X<A<2X 



\£\ 2 <3X 

\\t\ 2 -\v\ 2 \<4X- 



<#{e,r?G£: |£| 2 ,|r,| 2 <4X, | |£| 2 - \ V \ 2 \ < 4X~ S } . 



Thus we want to bound the number of solutions of the RHS of (14. ip , which is 
a quadratic Diophantine inequality with a shrinking target, by O (X 2 ~ <5+£ ). 

We transform the problem into linear Diophantine inequality as follows: 
Write £ = (£i/a, £ 2 /b, &/c), ?? = (r?i/a, 772/6, %/c), then 



where 2 



1 



1 



1 



I ''/I 



(e 1 2 -^) + ^fe 2 -^) + ife 2 - % 2 ) 



6 2 



a 2 6 2 c 2 



£ 2 — r/ 2 is of size \zj\ < CX for some constant C. 
Assume first that for every 1 < j < 3: <!; 2 7^ r/ 2 , so 2j 7^ 0. The number of 



z i = $ ~ = (£j - Vj) (£7 + »7i) 



solutions to 



is bounded by the number of divisors of Zj which is O y z jj = O {X s ) . Thus 
we have 

#{e,r/G£: |£| 2 ,|r ? | 2 <4X, $^rfj, ||£| 

<X £ -#{(21,22,23) G Z 3 : 1 < \ Zj \ < CX 
Denote 

A x = {(zi, 



< AX' 



£1 £2 £3 
a 2 6 2 c 2 



< 4AT 



z 2 , 23) G Z 3 : 1 < < CX, 



£1 £2 £3 



6 2 



< AX' 



'}■ 



We will show that j^Ax <C AT 2 5 : first note that for every {z\, z 2 , z%) G Ax, 
assuming that X is large enough we have 



c 2 c 2 

-~Z\ + - 3 Z 2 + 23 



< 
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so Z3 is uniquely determined by the values of Z\ , z 2 , and we have 



c 2 c 2 

-»Zl + -ryZ 2 

a z b z 



< ax- 



so 



2 : 1 < \ Zj \ < CX, 



#A X <#{(zi,z 2 ) E 

# {zi E N : zi < [CX\ , 

LJ/TIV ^- 



c 2 c 2 
or b A 



\<\zi\<CX 

o<i<i 



-ly -*Z\ + 79^2 



< 4X" 

< AX' 5 \ <C 



« £ # E N : zi < LCXj, {(-1)* ^ + (-l)^ 2 < AX- S \ 



l<\z 2 \<CX 

0<jlj2<l 



For every z 2 , by (1A. 7|) we get that (since c 2 /a 2 is an irrational of finite type 
r, and 5 < 1/r — e) 



zi ± pz 2 }> < 4X 



—5 



<x 



1-5 



-2-5 



#jzi EN: Zl < [CX\, 
so we conclude that 

#A X « X^ 

Assume now that exactly one of the Zj equals zero: without loss of generality 
assume that z\ = and Z2, Z3 7^ 0. Since for j = 2, 3 the number of solutions 
to zj = £ 2 — ry 2 is O (X e ), and the number of solutions to £ 2 = r? 2 is O (X 1 / 2 ) 
we conclude that the number of solutions of the RHS of (14. ip (under our 
assumption) is bounded by 



X l/2+e . # |( Z2)Z3 ) £ ; 1 < |Zj| < CX, 



£2 £3 

& 2 + C 2 



< 4X~ 5 } 



Denote 



Bx = {(z 2 ,z 3 ) E Z 2 : 1 < \ Zj \ < CX, 



£2 £3 
6 2 + c 2 



< 4X~ 



Note that for every (z 2 , Z3) E -Bx, assuming that X is large enough we have 



b 2 



z 2 + z 3 



< 



so Z3 is uniquely determined by the value of z 2 , and therefore #Bx "C X. 

If exactly two of the Zj equal zero, for instance z\ = z 2 = 0, then for large 
enough X we must have Z3 = 0, so the number of solutions of the RHS of 
(j4~l]) (under our assumption) is 0(X 3 / 2 ). Since 5 < (1 — 0) /2 — e < 1/2 the 
lemma is proved. □ 

Define 

A 2 = A £ / = {A E Ai : #i (A, 3L) < LA 1/2+2e } 
We will show that this is a density one set in Ai (and hence in A): 
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Define 

B 2 = Ai \ A 2 = {A G Ai : #i (A, 3L) > LA 1 / 2+2e | 
We will check that 

#{Ae6 2 : A<A}<A 3 / 2 - £ . 
Indeed, from Lemma 14,11 we have 

#{\£B 2 : X <\<2X} ■ X l / 2+2£ - & < #^(A,3L)< 



xeB 2 

X<\<2X 



< Yl ?M(A,3L)«X 



2-S+e 



AeAi 

X<A<2A 



SO 

(4.2) #{Ae5 2 : A < A < 2X} < A 3/2 " £ . 

Note that 

oo 

#{AeB 2 : A < X} = Y # {A G B 2 : X/2 k+1 < A < A/2 fc } 

fc=0 

(and actually the summation over k is finite). From (|4.2p for every k > we 
have 

# [A G £ 2 : A/2 fc+1 < A < A/2 fc | < 



2 fc 



so 



^ # {A G 5 2 : X/2 k+l < A < A/2 fe } < A 3 / 2 ~ £ ^ 4 = 2A 3 / 2 ~ £ 

fc=0 A;=0 

as we claimed. 

4.3. Bounds for the Green's Function and Truncation. We first give 
a lower bound for the L 2 -norm of the Green's function G\: 

Lemma 4.2. For every A G A 2 , we have 

I|g a || 2 »a 1 - 2£ . 

Proof. Take Ao G (A, A + A _1 / 2+e ) n A. Let hq be some norm such that 
A < no < Ao- 
We have 

\\Gx\\l - v — l — = V ^- 2 - V -^— 2 > 

k(\Z\ 2 -\) ^(--A) 2 i^(--A) 2 - 



□ 



> ^— 2 > ^— 2 > A 1_2e 

(n -A) 2 (A -A) 2 
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We will now use a truncation procedure. 
Recall that for < L < 1 we denned 



A (\,L) = {^ G £: A-L < |e| 2 < A + L} 
of lattk 

denote by 



2 

as the set of lattice points in the spherical shell A — L < |x| < A + L. We 



_ _ _L_ exp (ig- (x-x )) 

U ^ 8vr 3 |£|2 _ A 

the truncated Green's function, and let g\L be the L 2 -normalized truncated 
Green's function: 

9x,l = tt^, — n~- 
II<^a,l|| 2 

Lemma 4.3. For < 5 < min{(l — 6) /2 — e, 1/r — e} , L = \~ s , we /m?je 
1 1 5a ~~ 9x,l\ | 2 -> as A oo along A 2 . 



Proof. As in (13. ip . we get that 

Hsa - 9x,l\\ 2 < 2 " 



Ga — Ga,l|| 2 



,I^aII 2 

We have 

||G A -G AiL || 2 x — — 

ii€i 2 -a|>l (iei 2 -A) 

We recall how to evaluate lattice sums using summation by parts: 
Let = no < ri\ < n 2 < . . . be the set of norms, and 



N(t)= J^rci 



n k <t 



Then for a smooth function / (t) on [71^4+1,715] we have 

£ /(if 1 2 



n.A<\£,\ 2 <nB 



= N in B ) f (n B ) - N (n A ) f (n A +i) - / /' (t) N (t) dt 

Jn A+1 

But since 

N (x) = -nabcx 3/2 + O | r 
3 



and since 

-irabcn 3 /^ = N {n A+ i) + O (n A+l ^j = N (n A ) + r c (n A+ i) + O [n A+1 
= N (n A ) + O (<+i) = ^abcrCf + O (n A+ i 
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(and therefore n A x n>A+ii so ^irabcr?J 2 _ 1 = ^nabcn^[ 2 + O (n A )), we have 
(4-3) £ / (|C| 2 ) = (^a&mf + O (n° B j\ f (n B ) - 

nA<\i\ 2 <n B 

- Qvra&cn 3 / 2 + O / ("i+i) - 

-£ S f'{t)^abct i / 2 + 0(t e )^dt = 
+ O (n e B )] f (n B ) - (^abcnf + O / (n A+1 ) - 



-irabcn^J 2 



-^irabcn 3 ^ 2 / (n B ) + -irabcn^l^f (ua+i) + 
+tt™&c • - / / (t) W 2 di - / /' (i) O (V) di = 

27ra6c f * / (t) t^dt + O (n B ) + (nx+i))) + 

Jn A +i 

+o(r \f(t)\t e dt) 



"TLA+l 



Now 



2 A|>L (l^ 2 " A)" ^ 0<|^A-L (iCl 2 " A)" A+t^l 2 (kl 2 " A 



Applying (|4.3p with f (t) = 1/ (t — A) 2 , once with ha = uq = and n B < 
X — L < n B+ \ and then with ua < A + L < Ua+i and n B = oo gives 

£ 1 



«o<l€| 2 <A-i (l^| 2 ~ A 



rn B +1/2 / „0 \ / />n s + 6 

= 2™6c / — ? dt + O — — , + O / f dt | . 

4 (i-A) 2 V(nB-A) 2 ; (A-i) 3 

Note that 

«s +1/2 . /-tib i /-n B i 

_J dt < n V 2 / _J_ d i < A 1 / 2 / ^di 

m (t-A) 2 " B y ni (t-A) 2 " J ni (t-X) 2 

= A i/2 (_J M<^<^ 

\A — n# X — n\) L L 2 

also 

rai < X e 



(n B - A) 2 " 
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rriB rn B ^ rn B J 

/ ^dt < n e R / 7 dt < X e / ^dt = 

J m (X-t) 3 - B J ni (X-t) 3 - J ni (X-t) 3 



_ A* / 1 l\ < _A^_ 

" 2 V(A-n B ) 2 (A-m)V " 2L2' 

so 

x ^ 1 

/ \2 ^ r2 
n„<|^<A-L (I?! 2 " A) 



For the second sum, we have 



E 



A+L<| € p (iei 2 -A) ; 

'«a + i(*-A) 2 V(raA+i-A) 2 y U A+1 (t-A) 1 



27r«ftr- / - ' ,, 2 dt -;- O ( — ] — - ) + 0\l — — t<]/ | . 

«A+l {t ~ A) 2 Jn A+1 -\ s * 



Note that 

*V2 /-oo ( S + A) 1/2 [^(s + X) 1 / 2 



JriAj-i [t — A) iniii-A ^ J L 



S 2 



ds 



= / A (i±^! ds+ f(i±^! ds « 

7l s 2 Jx s 2 

pX j /-oo j 

< A 1/2 / -^ds + / -^ds < 
Jl s 2 Jx s 3 / 2 



A 1 / 2 A* 
L ~ L 2 



also 



and 



< X e 



(n A+ i - A) 2 ^ L 2 

t e , Z" 00 (s + X)\ f°°(s + X)\ 

as < / = ds = 



poo j.y r 

/ ~ = / 

(t - XT J n 



'nA+i 

pX /„ , \\0 /-co 



(t-A) 3 7n A+1 -A * 3 ' J L 



■ds + J - 5-^ds < 



7l s 3 A s 3 

<<A A ^ ds+ A ^ ds<< ^ 



so 



x ^ 1 

2^ / o \2 ^ r2 
A+L<|€|» (kl 2 " A) L 

We conclude that 

2 A 9 
||Ga ~~ Gx,l\\ < 
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and therefore by Lemma 14,21 



\g\ - 5a,lI| 9 < — — — = A 



25-l+0+2e 



□ 



12 - L 2 

since S < (1 — 9) /2 — e this tends to zero. 

From this, as in Lemmas 13.31 13.41 we get the next two lemmas: 
Lemma 4.4. Let < 5 < min{(l — 9) /2 — e, 1/r — e} , L = A^* 5 , we /iawe 

I|Ga,l|| 2 = ||Ga|| 2 (i + o(i)) 

as A — > oo along A 2 . 
and 

Lemma 4.5. Lei / 6 C°° (T 3 ) and < 5 < min{(l - 0) /2 - e, 1/r - e}, 

L = A~ 5 , we /iai>e 

\(fgx,gx) - {fg\,L,g\L)\ ->• o 

as A —7- 00 along K2, so 

{fg\,L,g\,L) -> =>• (fg\,g\) -> 

as A —7- 00 along A 2 . 

4.4. A Density One Set. Let / C G £, and denote £ = (C1/0, C2/&, Cs/c)- 
Assume that 6 7^ (the other cases are symmetric). 
Define 

S c = {£e£: |£| 2 >1, |2(e,C)-|C| 2 | <l/4c 2 }. 

We prove now a simple upper bound for the number of elements in up to 
A: 

Lemma 4.6. We have 

#{£eS c :|£| 2 < a}«a. 

Proof. For every £ € such that |£| 2 < A", denote £ = (£i/a, 6/&> 6/ c ) • 
For 1 < i < 3 we have |&| < A 1 / 2 , and 



2<e,c> — icr 



C: 



\ (26 - Ci) + % (26 - C2) + % (26 - 6) 



b 2 



< l/4c 2 



so 



2 2 

^Ci (26 - Ci) + % C2 (26 - C2) + C 3 (26 - Ca) 



< 1/4 



o-- -■ b 2 

and wee see that 6 (26 — 6) is uniquely determined by the values of 6)6; 
and since (3 / 0, we get that ^3 is uniquely determined by the values of 
6)6- Since |6| , |6| ^ X 1 / 2 , we conclude that 



# G S c : |£| 2 < A} « A 



as claimed. 



□ 
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For / C G £, define 



A 



C 



Af = {A G A 2 : A (A, L) n S c = 0} . 



we claim that this is a density one set in A 2 (and hence in A), i.e. if we 
denote 



- R 5 '" 5 - 



B r = B 



A 2 \ A c = {A G A 2 : A (A, L)n5 ( ^ 0} 



then 



Lemma 4.7. We have {X £ B ( : X < X} = o (AT 3 / 2 ). 

Proof. Define A/*£ C A/" to be the set of norms |£| 2 of £ G S^. We have 

# {n G Af c : n < 2X} x # G 5 C : |£| 2 < 2a} < X. 

We have a map i : i?^ — > A/^ defined by t (A) being the closest element n G A/f 
to A; if there are two such elements, i.e. n_ < A < n + with n± G A/f and 
n + — A = A — ra_, then set t (A) = n+. 

We have (n) <C n 1 / 2_<5+2e . Indeed, first note that 

^ 1 (n)<#{AGA 2 : 3£ G S ( n ^ (A, L) , |£| 2 = n} . 

For every A in the set above we have |A — n\ < X~ s , and if we choose one 
of the elements in the set, say Ao, we have that for every other A (assuming 
that n is large enough): |Ao — A| < Aq^ + A^ 5 < 3Aq 5 (since for large enough 
n: X>n-X- s >X - X Q S - X~ s > A /2), so 

#{AG A 2 : 3US ( nA(X,L), |£| 2 = n} « 

« #A (a ,3A 5 ) < Xl /2 - 5+2£ « n 1 ' 2 -** 2 * 
We conclude that 

# {A G B ( : A < X} < r 1 (n) < 

n<2X 

<<; x i/2-8+2e . # {n G AA f : n < 2A} « X 3 / 2 - 5+2e 
proving our claim. □ 

From the last lemma we conclude that: 
Lemma 4.8. We have (e^gx^, <?a,l) — > as X — > oo along X G A^. 
Proof. We have 

tV&L) (lei 2 - a) (ie - ci 2 - a) 



Note that 



ie - cr - A 



iei 2 -A-2(e,o + ici 2 



> 



2&0-ICI' 
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and since A G A^ we have S$ n A (A, L) = 0, so 



2&0-ICI' 

We get that for large enough A 



> 



4c 2 



ie — ci 2 — a 



4c 2 



and therefore 



\(e<;G\,L,G\,L}\ < X) 



£gA(a,l) |(J£| - 

«I|G A || 2 ( E x ) • 

\€6A(A,L) / 

Since A G C A2, and since the multiplicities r£ (n) are bounded, we have 
1 = #A (A, L) < #i (A, 3L) < LA 1/2+2e 



so 



?eA(A,L) 



l(ec5A,L,5A,L)| < 



Ga| | 2 A 1 / 4_<5 / 2+£ A l/4-<5/2+ £ 



1 1 Ca,Z, 1 1 2 ll^AM2 
which tends to zero as A — >• 00 (for e > small enough). 

We conclude from Lemma 14.51 that 

(e(g\,g\) ->■ 

as A — )• 00 along A G A^. 

4.5. Proof of Theorem 11.31 We now use a diagonalization argument to 
prove Theorem 11.31 



< A -l/4-<5/2+2 £ 



□ 



Theorem. There is a density one subset Aoo C A so that for every observable 
a G C°° (T 3 ) , we have 



(ag\,gx) 



1 



area (T 3 ) ./ 



a (x) dx 



as A — > 00 along A^. 



Proof. For J > 1, let Aj C A be of density one so that for all |£| < J, 
{e^g\,g\} — > as A — > 00 along Aj, and in particular for every trigonometric 
polynomial Pj (x) = P( e ( ( x ) we nave 
K\<J 



(4.4) 

along A j. 



(Pj9\,9\) 



area (T 3 ) X s J ^ 



x) dx 
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We can assume that Aj + i C Aj for each J. Choose Mj so that Mj f oo 
as J — > oo, and so that for all X > Mj 

#{A£ Aj: A< X] 1 
#{Ae A: A < X} ~ 2 J 

and let A^ be such that A^ n [Mj,M J+1 ] = Aj n [Mj,M J+ i] for all J. 
Then A^ n [0, Mj+i] contains Aj n [0, Mj + \] and therefore A^ has density 
one in A, and (H~4j) holds for AgA^. 

The theorem now follows from the density of trigonometric polynomials 
in C°° (T 3 ) in the uniform norm (as in the proof of Theorem II . 1 [) . □ 

Appendix A. 

A.l. Integral Points in Spherical Strips. We estimate the number of in- 
tegral points inside some strips on three-dimensional spheres. The strategy 
is to estimate the integral points on every circle in the strip: a simple substi- 
tution reduces the problem to counting integral points on two-dimensional 
ellipses, which could be treated by some basic algebraic number theory. 

Lemma A.l. Let L = X s , < 5 < 1/4. For every / ( e Z 3 , C\, C 2 and n 
such that \n — A| < C\L, we have 

#{ V eZ 3 : \ V \ 2 = n, |(t?, C)| < C7 2 L} « ClA , f , e Ln e . 

Proof. Denote £ = (Clj C2j C3)) an d without loss of generality we can assume 
that C3 7^ 0. For 77 = (x, y, z) with \rj\ = n, (77, £) = m, \m\ < C2L, we have 
x 2 + y 2 + z 2 = n, Cix + C22/ + C3 Z = m - since ^3 7^ we get z = m ~^~'' 2?y , 
and substitution gives: 

(A.l) ax 2 + 2bxy + cy 2 + 2dx + 2ey + f = 

where 



a 


=d 2 + c! 


b 


=ClC2 


c 


=C 2 2 + C 3 2 


d 


= - C\m 


e 


= - (2m 


/ 


= — Cfn + m 2 



Note that c> 0, ac - b 2 = Cf (Ci + Cl + Cf) > 0. 

Completing the square using the fact that c 7^ 0, we get: 

(ac - b 2 ) x 2 + (bx + cy) 2 + 2cdx + 2cey + cf = 

Setting y' = bx + cy (and then y = v ~ bx ), we get that the number of integer 
solutions to equation (jA.ip is bounded by the number of integer solutions to 
the equation 

(A. 2) (ac - b 2 ) x 2 + y 2 + 2 (cd - be) x + 2ey + cf = 
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Completing the square again, we get 

(ac - b 2 ) x 2 + (y + e) 2 + 2 (cd - be) x + cf - e 2 = 

Setting y' = y + e, we get that the number of integer solutions to equation 
(jA.2|) is equal to the number of integer solutions to 

(A.3) (ac - b 2 ) x 2 +y 2 + 2 (cd - be) x + cf - e 2 = 

Completing the square for the last time using the fact that ac — b 2 ^ 0, we 
get 

((ac -b 2 )x + (cd - be)) 2 + (ac - b 2 ) y 2 + 
+ (ac - b 2 ) (cf - e 2 ) - (cd - be) 2 = 

Setting x' = (ac — b 2 ) x + (cd — be), we get that the number of integer solu- 
tions to equation (IA,3|) is bounded by the number of integer solutions to 

(A.4) x 2 + (ac - b 2 ) y 2 = (ac - b 2 ) (-cf + e 2 ) + (cd - be) 2 . 

Denote ac — b 2 = t 2 D, where D > is squarefree, and 

k = (ac - b 2 ) (-cf + e 2 ) + (cd - be) 2 . 

We get 

x 2 + D (ty) 2 = k 

And setting y' = ty, we get that the number of integer solutions to equation 
(|A.4j) is bounded by the number of integer solutions to 

x 2 + Dy 2 = k 

i.e. by the number (k) of representations of an integer k by the quadratic 
form x 2 + Dy 2 . Now we claim that 

(A.5) td (k) < 6r (k) 

where r (k) is the number of divisors of k. Since 

r(k) < e k £ <c 1 ,C 2 ,C, £ n £ 

we conclude that 

#{r7eZ 3 : \ V \ 2 =n, \( V , 0| < C 2 l] <. Cl ,c 2 ,C,e Ln e 

as claimed. 

The estimate (1A.5|) follows from factorization into prime ideals in the ring 
of integers A of the imaginary quadratic extension Q (\/—DJ . Indeed, given 
any prime p, consider the principal ideal (p) in A. Then (cf. [7]) either 
(p) is a prime ideal, or (p) = V1P2, where V\,T > 2 are prime ideals (and not 
necessarily different). The fundamental theorem of arithmetic yields 

k = n n vt 

(qj)isprime M^i^Vi^ 
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so we get the unique factorization 

<*> =11(^11^2 

Each representation of k = x 2 + Dy 2 corresponds to a decomposition of the 
principal ideal 

(k) = {x + yV^D) (x - yy/=D) 

where N ((x + yyf—D}\ = N (x — y\J—D^ = k, so from the uniqueness of 
the factorization we get that 

(x + y^D) = n (ijf j/2 n n^r 1 
(x - yv^o) = n n nr^h 

where < 7; < a;. From this follows that the number of possibilities 
to (x + y^f^D) is bounded by Y\( l + a i) < T ( k )- But {x + y\f ZI D) = 
(x' + y'\J—D^ if and only if x + y^J—D and x' + y'^J—D are associates in 
A, and since the number of units in A is at most 6, we get that rp (k) < 
6r(k). □ 



A. 2. Discrepancy. We prove some results from the theory of uniform dis- 
tribution modulo 1. Most of this section is adapted from [6]. 
Let us recall the definition of discrepancy: 

Definition A. 2. Let (x n ) be a sequence of real numbers. The number 

#{n<N: {x n } e [a,b)} 



D 



N 



sup 

0<a<fe<l 



N 



(b-a) 



is called the discrepancy of the given sequence. 

A useful upper bound for the discrepancy is given by the theorem of 
Erdos-Turan p]: 

Theorem A. 3. There exists an absolute constant C, such that for any real 
numbers x\, . . . ,xjy and for any positive integer m, we have 



D N < 



^nihxn 



h N 

h=l n=l 



Let a £ I be an irrational of finite type r, and let (3 6 1L Define x n = 
an + (3. By the theorem of Erdos-Turan, the discrepancy of (x n ) is bounded 
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for any positive integer m by 



D N < 



1 1A1 

m N ^ h 

h=l 



N 
n=l 



,2nih(na+/3) 



1 , If 1 



TV 

E' 



,2-Kihna 



(A.6) 



i ^ 1 1 1 — e 

h=l 1 



1 1 

m 



2irihNa\ 



,2niha I 



m N ^— ' h 

h=l n=l 

1 1 Al 2 

~ m + iV ^ foil - e 27ri/ia| 



/l=l 



1 1 1 1 Al 

m Af — * h «in rrh rv\ m 9 IV ±- — ^ h 



1 1 



m N ^— ' h \sm.irha\ m 2N J h \\ha\\ 
From here we could continue by 



1 1 m 
m + 2iV S 



1 1 



^IIMI 



- + 4E /ir+£ " 1 « 1 + 

m ziv m 



m 



h=l 



N 



and choosing m = [N 1 ^ 1 ^] we could deduce that D N = O (jV -1 /(l+i-)+e). 
But with a very little effort we can get a better estimate to the the RHS of 

HMD: 

Lemma A. 4. Let a be an irrational of finite type t, and let m be a positive 
integer. Then for every e > 0, there exists a positive constant c = c (a, e) 
such that 

m 1 

V 777-^ < cm T+e . 
Proof. For < q\ < q2 < we have 

c ^ 
||g 2 a ± <?i"ll = life ± 9i ) a|| > > 



I , \T+e/2 — 

But ||9ia|| = \q\Ct — n\\ for some integer rii, and Ifea 
some integer ri2, and hence 



(2m) T+£ / 2 
I = fea — W2I for 



I « M - ||9ia||| 

> I |g2« ± 91 a 1 1 > 



g 2 a - ni| - |gia - n 2 || > 
c 



(2m) 



T+£/2 



This implies that in each of the intervals 

c , . c 2c 



[0, 



rac (m + 1) c 



(2m) 



r+e/2" 



(2m) r+e/2 ' (2m) T 



+e/2" • • • ' 



(2m) r 



he/2' 



(2m 



,r+ e /2 - 



there is at most one number of the form \\ha\ \ , 1 < h < m, with no such 
number in the first interval. Therefore 

™ 1 ™(2m) T+£ / 2 (2m) T+£ / 2 ™ 1 
\ < \ J: L = J: L \ _ < cm +e 

l^\\hn,\\-l^ hr r Z-^ h ~ 



\ \ha\\ ^— ' he 
h=i 11 11 h=i 



h=l 



□ 
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Corollary A. 5. Let a be an irrational of finite type t, and let m be a positive 
integer. Then for every e > 0, there exists a positive constant c = c (a, e) 
such that 

m j 



< cm T ~ 1+£ . 



Proof. Define S (t) = £ * 

h<t 

From Lemma [A, 4 1 we have S (t) = S ([ij) < c[ij r+e < ci r+£ . Using partial 
summation we conclude that 

^ 1 S(m) f m S(t), 



h 



-J /i | |/ia| | m 



f 2 

r— 

x t 2 ~ T - £ ~ " V"" ' t- 1 + e 



□ 

Substituting Corollary I A, 5 1 in (1A. 6[) . we conclude that Dn <C ^ + m jy +e , 
and choosing m = [A^ 1 ^] , we get that 

(A.7) D N < i\T 1 / T+e . 
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